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DIAMETER AND GIRTH OF ZERO DIVISOR GRAPH OF
MULTIPLICATIVE LATTICES
VINAYAK JOSHI AND SACHIN SARODE
Abstract. In this paper, we study the zero divisor graph Γm(L) of a multiplicative lattice
L. We prove under certain conditions that for a reduced multiplicative lattice L having more
than two minimal prime elements, Γm(L) contains a cycle and gr(Γm(L)) = 3. This essen-
tially proves that for a reduced ring R with more than two minimal primes, gr(AG(R))) = 3
which settles the conjecture of Behboodi and Rakeei [9]. Further, we have characterized the
diameter of Γm(L).
Keywords: Zero-divisor graph, reduced multiplicative lattice, minimal prime element.
1. Introduction
In recent years, lot of attention have been given to the study of zero divisor graphs of
algebraic structures and ordered structures. The idea of a zero divisor graph of a commutative
ring with unity was introduced by Beck [7]. He was particularly interested in the coloring of
commutative rings with unity. Many mathematicians like Anderson and Naseer [5], Anderson
and Livingston [6], F. DeMeyer, T. McKenzie and K. Schneider [10], Maimani, Pournaki and
Yassemi [24], Redmond [26] and Samei [27] investigated the interplay between properties of the
algebraic structure and graph theoretic properties.
The zero divisor graphs of ordered structures are well studied by Alizadeh et. al. [2, 3] Halasˇ
and Jukl [13], Halasˇ and La¨nger [14], Joshi [15], Joshi et.al. [16, 17, 18, 21, 22], Nimbhorkar
et.al [25] etc.
In ring theory, the structure of a ring R is closely related to ideal’s behavior more than
elements. Hence Behboodi and Rakeei [8, 9] introduced the concept of annihilating ideal-graph
AG(R) of a commutative ring R with unity, where the vertex set V (AG(R)) is the set of non-
zero ideals with non-zero annihilator, that is, for a non-zero ideal I of R, I ∈ V (AG(R)) if and
only if there exists a non-zero ideal J of R such that IJ = (0) and two distinct vertices I and
J are adjacent if and only if IJ = (0) and studied the properties of rings and its annihilating
ideal-graphs. In [9], Behboodi and Rakeei raised the following conjecture.
Conjecture 1.1. Let R be a reduced ring with more than two minimal primes. Then gr(AG(R))) =
3.
It is interesting to observe that the set Id(R) of all ideals of a commutative ring R with
unity forms a modular, compactly generated, 1-compact multiplicative lattice in which product
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of two compact element is compact (see Definition 1.2) and the annihilating ideal-graph of a
commutative ring R with unity is nothing but the zero divisor graph of the multiplicative lattice
of all ideals of R where the vertex set is the set of non-zero zero divisors and vertices a and b
are adjacent if and only if ab = 0. Hence to study the annihilating ideal-graphs of commutative
ring with unity, a multiplicative lattice becomes a tool. This motivate us to define and study
the zero divisor graph of a multiplicative lattice. It is natural to ask the following question and
the affirmative answer to this question solves Conjecture 1.1. of Behboodi and Rakeei [9].
Question 1: Let L be a reduced, 1-compact, compactly generated lattice with product of two
compact element is compact. Let Γm(L) be a zero divisor graph of a multiplicative lattice L. Is
gr(Γm(L)) = 3, if L has more than two minimal prime elements?
In this paper, we study the zero divisor graph Γm(L) of a multiplicative lattice L. We
prove under certain conditions that for a reduced multiplicative lattice L having more than two
minimal prime elements, Γm(L) contains a cycle and gr(Γm(L)) = 3. This essentially proves
that for a reduced ring R with more than two minimal primes, gr(AG(R))) = 3 which settles
the conjecture of Behboodi and Rakeei [9]. Further, we have characterized the diameter of
Γm(L).
Now, we begin with necessary concepts and terminology.
Definition 1.2. A non-empty subset I of a lattice L is said to be semi-ideal, if x ≤ a ∈ I
implies that x ∈ I. A semi-ideal I of L is said to be an ideal, if for a, b ∈ I, a ∨ b ∈ I. A
proper ideal (semi-ideal) I of a lattice L is said to be prime if a ∧ b ∈ I implies a ∈ I or b ∈ I.
Dually, we have concept of a prime filter (semi-filter). A prime ideal (semi-ideal)[element] I is
a minimal prime ideal (semi-ideal)[element] if there is no prime ideal (semi-ideal)[element] Q
such that {0} $ Q $ I. A filter is said to be maximal if it is a maximal element of the poset
of filters.
For a ∈ L, the set (a] = {x ∈ L | x ≤ a} is called the principal ideal generated by a. Dually,
we have a concept of a principal filter [a) generated by a.
A lattice L is said to be complete, if for any subset S of L, we have
∨
S,
∧
S ∈ L.
A complete lattice L is said to be a multiplicative lattice, if there is defined a binary operation
“ · ” called multiplication on L satisfying the following conditions:
(1) a · b = b · a, for all a, b ∈ L;
(2) a · (b · c) = (a · b) · c, for all a, b, c ∈ L;
(3) a · (∨αbα) = ∨α(a · bα), for all a, bα ∈ L;
(4) a · b ≤ a ∧ b for all a, b ∈ L;
(5) a · 1 = a, for all a ∈ L.
An element c of a complete lattice L is said to be compact, if c ≤
∨
α aα implies that
c ≤
∨n
i=1 aαi , where n ∈ Z
+. The set of all compact elements of a lattice L is denoted by L∗. A
lattice L is said to be compactly generated or algebraic, if for every x ∈ L, there exist xα ∈ L∗,
α ∈ Λ such that x = ∨αxα, that is, every element is a join of compact elements.
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A multiplicative lattice L is said to be 1-compact , if 1 is a compact element of L. A
multiplicative lattice L is said to be compact , if every element of L is a compact element.
An element p 6= 1 of a multiplicative lattice L is said to be prime, if a · b ≤ p implies either
a ≤ p or b ≤ p. Equivalently, an element p 6= 1 of a 1-compact, compactly generated lattice L
is said to be prime if a · b ≤ p for a, b ∈ L∗ implies either a ≤ p or b ≤ p.
A non-empty subset S of L∗ in 1-compact, compactly generated lattice is said to be multi-
plicatively closed , if s1, s2 ∈ S, then s1 · s2 ∈ S.
As L is a complete lattice, it follows that L admits residuals: for every pair a, b ∈ L, there
exists an element (a : b) =
∨
{x | x · b ≤ a} ∈ L such that for any x ∈ L , x · b ≤ a⇔ x ≤ (a : b).
Clearly, a ≤ (a : b) for all a, b ∈ L.
In a multiplicative lattice L, an element a ∈ L is said to be nilpotent, if an = 0, for some
n ∈ Z+ and L is said to be reduced, if the only nilpotent element is 0. The set of all nilpotent
elements of L is denoted by Nil(L).
Let a be an element of a multiplicative lattice. We define a∗ =
∨
{x ∈ L | an · x = 0}. If L
is reduced, then a∗ =
∨
{x ∈ L | a · x = 0}.
A lattice L with 0 is said to be 0-distributive if a ∧ b = 0 = a ∧ c then a ∧ (b ∨ c) = 0; see
Varlet [28]. The concept of 0-distributive poset can be found in [19, 20].
An ideal I of a lattice L is said to be semiprime, if a∧ b, a∧ c ∈ I imply that a∧ (b∨ c) ∈ I.
Note that I = {0} is a semiprime ideal of L if and only if L is 0-distributive.
Let G be a graph and x, y be distinct vertices in G. We denote by d(x, y) the length of a
shortest path from x to y, if it exists and put d(x, y) =∞ if no such path exists. The diameter
of G, denoted diam(G), is zero if G is the graph on one vertex and is diam(G) = sup{d(x, y) |x
and y are distinct vertices of G} otherwise. A cycle in a graph G is a path that begins and ends
at the same vertex. The girth of G, written gr(G), is the length of the shortest cycle in G (and
gr(G) =∞ if G has no cycles). The chromatic number of G is denoted by χ(G). Thus, χ(G) is
the minimum number of colors which can be assigned to the elements of L such that adjacent
elements receive different colors. If this number is not finite, write χ(G) =∞. A subset C of G
is a clique if any two distinct vertices of C are adjacent. If G contains a clique with n elements
and every clique has at most n elements then the clique number of G is Clique(G) = n. If the
sizes of the cliques are not bounded, then Clique(G) =∞. We always have χ(G) > Clique(G).
For undefined concepts in lattices and graphs, see Gra¨tzer [11] and Harary [12] respectively.
2. Zero-divisor graph of a multiplicative lattice
Joshi [15] introduced the zero-divisor graph of a poset with respect to an ideal I. We
mentioned this definition, when a poset is a lattice.
Definition 2.1. Let I be an ideal of a lattice L. We associate an undirected and simple graph,
called the zero-divisor graph of L with respect to I, denoted by ΓI(L) in which the set of vertices
is {x 6∈ I | x ∧ y ∈ I for some y 6∈ I} and two distinct vertices a, b are adjacent if and only if
a∧b ∈ I. When I = {0}, then it is simply denoted by Γ(L) and in this case the above definition
of Lu and Wu [23].
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We illustrate this concept with an example.
Example 2.2. The lattice L and its zero divisor graph Γ(L) (in the sense of Joshi [15]) is
shown in Figure 1.
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The following result is essentially proved by D. D. Anderson [4] for r-lattices guarantees the
existence of a sufficient supply of prime elements in L.
Theorem 2.3 (D.D. Anderson [4, Theorem 2.2]). Let L be a 1-compact, compactly generated
lattice with L∗ as a multiplicatively closed set. Suppose a ∈ L and t  a for all t ∈ S, where S
be a multiplicatively closed subset of L. Then there is a prime element p of L such that a ≤ p
and maximal with respect to t  p for all t ∈ S.
A proof of the following corollary follows from the fact that there exist a compact element
(0 6=)c ≤ a, as L is compactly generated and set S = {cn} where n ∈ Z+ is a multiplicatively
closed set.
Corollary 2.4. Let L be a reduced 1-compact compactly generated lattice with L∗ as a mul-
tiplicatively closed set and a 6= 0 ∈ L. Then there is a prime element p not containing a.
Moreover, every prime element contains a minimal prime element.
Now, we introduced the zero-divisor graph Γm(L) of a multiplicative lattice L and illustrate
with an example.
Definition 2.5. Let L be a multiplicative lattice and let i ∈ L. We associate an undirected
and simple graph, called the zero-divisor graph of L with respect to an element i, denoted by
Γmi (L) in which the set of vertices is {x( i) ∈ L | x · y ≤ i for some y( i) ∈ L} and two
distinct vertices a, b are adjacent if and only if a · b ≤ i. Whenever i = 0, we denote Γmi (L) by
simply Γm(L). In this case, the vertex set of Γm(L) is called the set of non-zero zero divisors
of L and denoted by (Z(L))∗. Further, we denote by Z(L) = (Z(L))∗ ∪ {0}.
Example 2.6. Consider the lattice L shown in Figure 1(a) with the trivial multiplication
x · y = 0 = y · x, for each x 6= 1 6= y and x · 1 = x = 1 · x for every x ∈ L. Then it is easy to see
that L is a multiplicative lattice. Further, it’s zero divisor graph Γm(L) (in the multiplicative
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lattice sense) is shown in Figure 1(c). It is interesting to note that if 1 is completely join-
irreducible(i.e. 1 =
∨
xi ⇒ 1 = xi for some i) then any lattice with this trivial multiplication
is a multiplicative lattice.
From the above example, it is clear that Γ(L) and Γm(L) need not be isomorphic. Hence it
is natural to ask the following question.
Question 2: Find a class of multiplicative lattices L for which Γ(L) ∼= Γm(L).
We answer this question in the following result.
Lemma 2.7. A multiplicative lattice L is reduced if and only if Γ(L) = Γm(L).
Proof. Let L be a reduced multiplicative lattice, then Γ(L) = Γm(L) follows from the fact that
a.b = 0 if and only if a∧b = 0 for all a, b ∈ L. Conversely, Suppose that Γ(L) = Γm(L) and L is
not reduced lattice. Then there exists an element a(6= 0) ∈ L such that an = 0 with an−1 6= 0
for some positive integer n. Let b = an−1, then a ·b = 0 gives a and b is adjacent in Γm(L). This
gives a and b are adjacent in Γ(L). But then we have an−1 = b = a∧ b = 0, a contradiction. 
Lemma 2.8. Let L be a reduced multiplicative lattice. Then L is a 0-distributive lattice.
Proof. Let a ∧ b = 0 = a ∧ c for a, b, c ∈ L. Then a.b = 0 = a.c. By the definition of a
multiplicative lattice, we have a.(b∨c) = 0. Since L is reduced, this further gives a∧ (b∨c) = 0.
Thus L is 0-distributive. 
The following result follows from the fact that L is commutative semigroup and the result
follows from DeMeyer et. al. [10]. But for the sake of completeness we provide the proof of it.
Theorem 2.9. Let L be a multiplicative lattice, then Γm(L) is connected with diameter ≤ 3.
Furthermore, if Γm(L) contains a cycle then gr(Γm(L)) ≤ 4.
Proof. Let x, y be distinct vertices in Γm(L). Therefore there exists z 6= 0, w 6= 0 with
x · z = y ·w = 0. If x · y = 0, then x− y is a path. Now, suppose x · y 6= 0. If w · z = 0, then x, y
are connected by a path x − z − w − y of length ≤ 3. If w · z 6= 0, then x, y are connected by
a path x − w · z − y of length = 2. Thus Γm(L) is connected and diam(Γm(L)) ≤ 3. Suppose
that girth(Γm(L)) 6= ∞. Therefore, there exists a cycle of minimal length n in Γm(L), say
x1 → x2 → x3 → . . . xn → x1. Let n ≥ 5. The minimality of n ensures that x2 · x4 6= 0. Let
(z 6= 0) ≤ x2 · x4. Then, we have x1 · z ≤ x1 · x2 = 0 and x5 · z ≤ x5 · x4 = 0. It follows that
x1 → z → x5 → . . . xn → x1 is a cycle of length n− 2 in Γ(L). This contradicts the minimality
of n. Therefore, we have n = 3 or 4, which implies that gr(Γm(L)) = 3 or 4. Hence, in all cases
we have gr(Γm(L)) ≤ 4. 
Corollary 2.10 (Behboodi and Rakeei [8, Theorem 2.1]). For every ring R, the annihilating-
ideal graph AG(R) is connected and diam(AG(R)) ≤ 3. Moreover, if AG(R) contains a cycle,
then gr(AG(R)) ≤ 4.
The following theorem is proved by Alizadeh, Maimani, Pournaki and Yassemi [3] and Joshi
[15] for posets. We quote this result when the poset is a lattice.
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Theorem 2.11 ([15, Theorem 2.14 ] [3, Theorem 3.2]). Let L be a lattice with 0. Then the
following statements are equivalent.
(1) There exist non-zero minimal prime semi-ideals P1 and P2 of L such that P1 ∩P2 = 0.
(2) The zero-divisor graph Γ(L) is a complete bipartite graph.
(3) The zero-divisor graph Γ(L) is a bipartite graph.
Lemma 2.12. Let L be a reduced multiplicative lattice. If p1 is minimal prime element in L,
then (p1] is prime ideal of L.
Proof. Suppose, a∧ b ∈ (p1], then a · b ≤ a∧ b ≤ p1. As p1 is prime, a ≤ p1 or b ≤ p1 this gives
a ∈ (p1] or b ∈ (p1]. Hence (p1] is prime ideal. 
Theorem 2.13. Let L be a reduced multiplicative lattice. Then Γm(L) is a complete bipartite
graph if and only if there exist minimal prime elements p1 and p2 such that p1 ∧ p2 = 0.
Proof. Suppose that Γm(L) is a complete bipartite graph with parts V1 and V2. Set p1 =
∨
V1 =
∨
{x | x ∈ V1 } and p2 =
∨
V2. For any xp2 ∈ V2, we have xp2 · xp1 = 0 for every xp1 ∈ V1. By
the definition of a multiplicative lattice, xp2 · (
∨
xp1∈V1
xp1) = 0. This further yields p1 · p2 = 0.
Since L is reduced, p1 ∧ p2 = 0.
Now, we prove p1 is a prime element of L. Suppose, a · b ≤ p1 and a, b  p1. Then a, b 6∈ V1
and a, b 6= 0. We claim that a ·b ·c = 0 for c ∈ V2. As, a ·b ≤ p1 and c ≤ p2 gives a ·b ·c ≤ p1∧p2.
Therefore, a · b · c = 0 for any c ∈ V2.
Also, b · c 6= 0. If possible, b · c = 0 then b ∈ V1 (as c ∈ V2), a contradiction to b 6∈ V1. Thus
b · c 6= 0. This together with a · b · c = 0, we get b · c ∈ V1 or b · c ∈ V2. If b · c ∈ V2 then a ∈ V1,
again a contradiction. Therefore b · c ∈ V1. Since c ∈ V2, we have b · c2 = 0 which further yields
that (b · c)2 = 0. Since L is reduced, we have b · c = 0, again a contradiction. Thus p1 is a prime
element of L. Similarly, we can show p2 is a prime element of L. It is clear that every prime
element contains a minimal prime element, we may assume that p1 and p2 are minimal prime
elements with p1 ∧ p2 = 0.
Conversely, suppose that there exist minimal prime elements p1 and p2 such that p1∧p2 = 0.
By Lemma 2.12, (p1] and (p2] are prime ideals of L. Clearly, (p1] ∩ (p2] = 0. Since L has zero,
there exist minimal prime ideals Q ⊆ (p1] and R ⊆ (p2] such that Q ∩ R = 0. By Theorem
2.11, the zero-divisor graph Γ(L) is a complete bipartite graph and hence the zero-divisor graph
Γm(L) is a complete bipartite graph, by Lemma 2.7. 
Theorem 2.14. Let L be a reduced multiplicative lattice. Then following statements are equiv-
alent:
(1) There exist non-zero minimal prime ideals P1 and P2 of L such that P1 ∩ P2 = 0.
(2) The zero-divisor graph Γ(L) is a complete bipartite graph.
(3) The zero-divisor graph Γ(L) is a bipartite graph.
(4) The zero-divisor graph Γm(L) is a complete bipartite graph.
(5) There exist nonzero minimal prime elements p1 and p2 of L such that p1 ∧ p2 = 0.
Proof. follows from the Theorem 2.11 and Theorem 2.13. 
DIAMETER AND GIRTH OF ZERO DIVISOR GRAPH OF MULTIPLICATIVE LATTICES 7
Remark 2.15. It is known that if R is a reduced (non-reduced) commutative ring with unity.
Then Id(R), the ideal lattice of R, is reduced (non-reduced) multiplicative lattice which is 1-
compact and compactly generated. Further if R is a reduced commutative ring with unity and
L = Id(R), then P is a minimal prime ideal of R if and only if P is a minimal prime element
of L.
From Theorem 2.14 and Remark 2.15, we have the following result.
Corollary 2.16 (Behboodi and Rakeei [9, Corollary 2.5]). Let R be a reduced ring. Then the
following statements are equivalent:
(1) AG(R) is a complete bipartite graph with two non-empty parts.
(2) R has exactly two minimal primes.
Lemma 2.17 (Alarcon, Anderson, Jayaram [1, Lemma 3.5]). Let L be a 1-compact, compactly
generated lattice with L∗as a multiplicatively closed set and let p be a prime element of L. Then
p is a minimal prime element of L if and only if for any compact element x ≤ p there exists a
compact element y 6≤ p such that xn · y = 0 for some positive integer n.
Theorem 2.18. Let L be a compactly generated, reduced multiplicative lattice having more than
two minimal prime elements, then Γm(L) contains a cycle and gr(Γm(L)) = 3.
Proof. Let p1, p2 and p3 be three distinct minimal prime elements of L. Since L is compactly
generated and p1 6≤ p2, p3, there exist x1, x′1 ∈ L∗ such that x1, x
′
1 ≤ p1, x
′
1 6≤ p2 and x1 6≤ p3.
Hence there is x1 ∨x′1 = z1 ∈ L∗ such that z1 ≤ p1 with z1 6≤ p2, p3. We claim that z1 · p2 6= 0,
otherwise, z1 · p2 ≤ p3, a contradiction. Since z1 ≤ p1, by Lemma 2.17, there exists y1 ∈ L∗
such that y1 6≤ p1 with z1 · y1 = 0. Now, choose (6= 0)t ∈ L∗ such that t ≤ z1 · p2 ≤ p2. By
Lemma 2.17, there exists y2 ∈ L∗ such that y2 6≤ p2 with t · y2 = 0.
If y1 · y2 = 0. Then a, b, c forms a cycle, where a = t, b = y1 and c = y2.
We assume that y1 · y2 6= 0. Since p2 is prime and z1 · y1 = 0, we get y1 · y2 ≤ p2. Since L∗
is multiplicatively closed, by Lemma 2.17, there exists z2 6≤ p2 such that y1 · y2 · z2 = 0. Put
a = t, b = y1 · y2 and c = y2 · z2. Clearly, a, b, c ∈ V (Γm(L)) with a · b = b · c = a · c = 0. Thus
Γm(L) contains a cycle.
Now, we prove that gr(Γm(L)) = 3. On the contrary, suppose gr(Γm(L)) = 4. Then
gr(Γm(L)) = gr(Γ(L)) = 4, by Lemma 2.7. As Γ(L) contains a cycle, Γ(L) is not a star
graph. We show that Γ(L) has no odd cycle. Then, in the view of the well known result
of Ko¨nig, Γ(L) is bipartite. On the contrary, assume that Γ(L) has an odd cycle and let
x1 → x2 → x3 → . . . xn → x1 be an odd cycle of minimal length n in Γ(L). Clearly n ≥ 5, since
gr(Γ(L)) 6= 3. Now, the minimality of n ensures that x2 ·x4 6= 0. Let (0 6=)z ≤ x2 ·x4. Then we
have x1 · z ≤ x1 · x2 = 0 and x5 · z ≤ x5 · x4 = 0. It follows that x1 → z → x5 → . . . xn → x1 is
an odd cycle of length n− 2 in Γ(L). This contradicts the minimality of n. Hence, Γ(L) has no
odd cycle. Therefore Γ(L) is bipartite. By Theorem 2.11, Γ(L) is a complete bipartite graph.
Hence Γm(L) is complete bipartite. By Theorem 2.13, there exist minimal prime elements p1
and p2 in L such that p1 ∧ p2 = 0. We claim that there are the only two minimal prime
elements in L. Suppose, there exists a third minimal prime element, say p3 6∈ {p1, p2} in L. As
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p1 · p2 = p1 ∧ p2 = 0 ≤ p3, gives p1 ≤ p3 or p2 ≤ p3, a contradiction to the minimality of p3.
Thus L has exactly two minimal prime elements, a contradiction to the assumption that L has
more than two minimal prime elements. Hence gr(Γm(L)) = 3. 
Now, Remark 2.15 and Theorem 2.18 settles Conjecture 1.11 of Behboodi and Rakeei [9].
Corollary 2.19 (Behboodi and Rakeei [9, Conjecture 1.11]). Let R be a reduced ring with more
than two minimal primes. Then gr(AG(R)) = 3.
Lemma 2.20. Let L be a multiplicative lattice. If Z(L) is an ideal, then diam(Γm(L)) ≤ 2.
Proof. Let x, y ∈ V (Γm(L)). If x · y = 0, then d(x, y) = 1. Suppose d(x, y) 6= 1. Since Z(L) is
an ideal, x ∨ y ∈ V (Γm(L)) and hence (0 : (x ∨ y)) 6= 0. We have (x ∨ y) · (0 : (x ∨ y)) = 0. As
x · (0 : (x ∨ y)) = 0 and y · (0 : (x ∨ y)) = 0, d(x, y) = 2. Hence, diam(Γm(L)) ≤ 2. 
Lemma 2.21. Let L be a non-reduced multiplicative lattice. If a, b ∈ V (Γm(L)) and q ∈ Nil(L),
then a ∨ (b · q) ∈ V (Γm(L)).
Proof. Let q be a non-zero nilpotent element. Since a ∈ V (Γm(L)), there exist c 6= 0 such that
c ·a = 0. Since q is nilpotent, there is a positive integer m such that c · qm = 0 and c · qm−1 6= 0.
Consider the pair a ∨ (b · q) 6= 0 and c · qm−1 6= 0, then (a ∨ (b · q)) · (c · qm−1) = 0. Therefore
a ∨ (b · q) ∈ V (Γm(L)). 
Theorem 2.22. Let L be non-reduced multiplicative lattice and Z(L) is not an ideal, then
diam(Γm(L)) = 3.
Proof. Since Z(L) is not an ideal, there exist a, b ∈ V (Γm(L)) such that 0 = (0 : (a ∨ b)).
Case(I) : If a and b are non-adjacent and if d(a, b) = 2, then there is an element c 6= 0 such
that a · c, b · c = 0. This gives c · (a ∨ b)) = 0, a contradiction to the fact that 0 = (0 : (a ∨ b)).
Therefore d(a, b) = 3.
Case(II) : Now, suppose a and b are adjacent, that is, a · b = 0. Then (a∨ b)2 = a2 ∨ b2. We
claim that (0 : (a2 ∨ b2)) = 0. If possible, (0 : (a2 ∨ b2)) 6= 0, then there exist c 6= 0 such that
c · (a2 ∨ b2) = 0, that is, c · (a ∨ b)2 = 0. But then 0 = (0 : (a ∨ b)) gives c · (a ∨ b) = 0 which
further yields c = 0, a contradiction.
Now, we claim that there is a non-zero nilpotent element q such that either a2 · q 6= 0 or
b2 · q 6= 0. Suppose on the contrary that a2 · q = 0 and b2 · q = 0. This together with a · b · q = 0
gives (a ∨ b) · b · q = 0. Since 0 = (0 : (a ∨ b)), we have b · q = 0. Similarly, we have a · q = 0.
Hence (a ∨ b) · q = 0. Thus q = 0, a contradiction.
Hence without loss of generality, we may assume that there is a non-zero nilpotent element
q such that b2 · q 6= 0. Since a, b ∈ V (Γm(L)) and q ∈ Nil(L), by Lemma 2.21, a ∨ (b · q) ∈
V (Γm(L)). Consider the pair a ∨ (b · q) and b. Clearly, (a ∨ (b · q)) · b = b2 · q 6= 0. Hence
d(a ∨ (b · q), b) 6= 1. Since (0 : (a ∨ b)) = (0 : (b ∨ a ∨ (b · q))) = 0, applying technique as in
Case(I) for a∨(b ·q) and b we get d(a∨(b ·q), b) 6= 2. Hence by Theorem 2.9, d(a∨(b ·q), b) = 3
and thus diam(Γm(L)) = 3. 
Theorem 2.23. Let L be non-reduced multiplicative lattice. Then Z(L) is not an ideal if and
only if diam(Γm(L)) = 3
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Proof. Follows from the Theorem 2.20 and Theorem 2.22. 
Corollary 2.24 (Behboodi and Rakeei [9, Theorem 1.6]). Let R be a non-reduced ring. There is
a pair of annihilating-ideals I, J of R such that Ann(I+J) = (0) if and only if diam(AG(R)) =
3.
Lemma 2.25. Let L be a reduced lattice and diam(Γm(L)) = 1. Then Z(L) is not an ideal.
Proof. Let x 6= 0 and y 6= 0 be distinct elements of Z(L). Suppose Z(L) is an ideal. Therefore
x∨ y ∈ Z(L). If x 6= (x∨ y), then by diam(Γm(L)) = 1 gives x · (x∨ y) = x2 ∨ (x · y) = x2 = 0.
This gives x = 0, a contradiction. Hence x = x ∨ y. Similarly, y = x ∨ y. Hence x = y, a
contradiction. Thus Z(L) is not an ideal. 
Lemma 2.26. Let L be reduced lattice and Z(L) is an ideal, then diam(Γm(L)) = 2.
Proof. Proof follows from the Lemma 2.20 and Lemma 2.25. 
The following theorem is due to Joshi, Waphare and Pourali [21]. We quote this result when
I = {0} is a semiprime ideal, that is, L is a 0-distributive lattice.
Theorem 2.27. Let L be a 0-distributive lattice and V (Γ(L)) ∪ {0} is not an ideal. Then
diam(Γ(L)) ≤ 2 if and only if L has exactly two minimal prime ideals.
Theorem 2.28. Let L be a 1-compact, compactly generated multiplicative lattice with L∗ as a
multiplicatively closed set and Z(L) is not an ideal. Then diam(Γm(L)) = 2 if and only if L is
reduce with exactly two minimal prime elements.
Proof. Suppose that diam(Γm(L)) = 2. By Theorem 2.22, L is a reduced lattice. Hence by
Lemma 2.7, Lemma 2.8 and Theorem 2.27, L has exactly two minimal prime ideals, say P and
Q. Since L is a 0-distributive lattice, intersection of all minimal prime ideals of L is zero .
Hence P ∩Q = {0}. Therefore by Theorem 2.14, L has two minimal prime elements say p1 and
p2 such that p1 ∧ p2 = 0. Now, we show p1 and p2 are the only two minimal prime elements
L. Suppose L has a third minimal prime element, say p3. Then p1 ∧ p2 = 0 ≤ p3 gives p1 ≤ p3
or p2 ≤ p3, a contradiction to the minimality of p3. Hence L has exactly two minimal prime
elements p1, p2.
Conversely, suppose that L is reduce with exactly two minimal prime elements, say p1, p2.
By Corollary 2.4, we have p1 ∧ p2 = 0. Therefore by Theorem 2.14, L has two minimal prime
ideals, say P and Q such that P ∩ Q = {0}. Suppose L has third a minimal prime ideal, say
R. Then P ∩ Q = {0} ⊆ R gives P ⊆ R or Q ⊆ R, a contradiction to the minimality of R.
Hence, L has exactly two minimal prime ideals. By Theorem 2.27, diam(Γ(L)) ≤ 2 and hence
diam(Γm(L)) ≤ 2. Thus diam(Γm(L)) = 2, by Lemma 2.25. 
Corollary 2.29. Let R be a reduced ring such that Z(R) is not an ideal. Then diam(AG(R)) =
2 if and only if R has exactly two minimal primes.
Theorem 2.30. Let L be a 1-compact, compactly generated lattice with L∗ as a multiplicatively
closed set and Z(L) is not an ideal. Then diam(Γm(L)) = 3 if and only if either L is reduced
with more than two minimal prime elements or L is non-reduced.
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Proof. (1) In the case, L is a reduced lattice with more than two minimal prime elements, then
diam(Γm(L)) = 3 follows from Theorem 2.28 and in the case L is non-reduced, then the result
follows from Theorem 2.23.
Conversely, suppose that diam(Γm(L)) = 3.
(1) Suppose L is a reduced lattice. If L has exactly one minimal prime element, then
V (Γm(L)) = ∅, a contradiction. Therefore L can’t have exactly one minimal prime element.
Now, if L has exactly two minimal prime element, then by Theorem 2.28, diam(Γm(L)) = 2,
again a contradiction. Therefore L has more than two minimal prime elements.
(2) By Theorem 2.28, L is non-reduced. 
Corollary 2.31 (Behboodi and Rakeei [9, Theorem 1.3]). Let R be a ring such that Z(R) is
not an ideal. Then the following statements are equivalent:
(1) diam(AG(R)) = 3
(2) Either R is non-reduced or R is a reduced ring with more than two minimal primes.
Theorem 2.32. Let L be 1-compact, compactly generated lattice with L∗ as a multiplicatively
closed set and Z(L) is not an ideal. Then 1 ≤ diam(Γm(L)) ≤ 3 and
(1) diam(Γm(L)) = 1 if and only if L is reduced and |(Z(L))∗| = |A(L)| = 2, where A(L)
is the set of atoms of L;
(2) diam(Γm(L)) = 2 if and only if L is reduced with exactly two minimal prime elements
and |(Z(L))∗| > 2;
(3) diam(Γm(L)) = 3 if and only if L is reduced with more than two minimal prime elements
or L is non-reduced.
Proof. By Theorem 2.9, diam(Γm(L)) ≤ 3. If diam(Γm(L)) = 0, then Γm(L) has only one
vertex, that is, Z(L) is an ideal of L, a contradiction to our assumption that Z(L) is not an
ideal of L. Hence 1 ≤ diam(Γm(L)) ≤ 3.
(1) Suppose diam(Γm(L)) = 1. By Theorem 2.23, L is a reduced lattice. As L is reduced
lattice, A(L) ⊆ (Z(L))∗. Let x ∈ (Z(L))∗. If x is an atom, then we are through. If x is not
an atom, then there exists y such that 0 < y < x. Clearly, y ∈ (Z(L))∗, as x ∈ (Z(L))∗. Since
diam(Γm(L)) = 1 and L is a reduced, we must have x · y = x ∧ y = 0. Therefore y = 0, a
contradiction to y ∈ (Z(L))∗. Hence x is an atom and (Z(L))∗ = A(L). Now assume that
|(Z(L))∗| = |A(L)| > 2. Let p, q, r be any three distinct atoms of L. Clearly, p · q = p · r = 0
and this gives p · (q ∨ r) = 0. This implies (q ∨ r) ∈ (Z(L))∗ = A(L), a contradiction. The
converse is obvious.
(2) Follows from Theorem 2.28.
(3) Follows from Theorem 2.30. 
Lemma 2.33. Let L be a reduced, 1-compact, compactly generated lattice with L∗ as a multi-
plicatively closed set having finitely many minimal prime elements. Then x ∈ Z(L) if and only
if x is contained in at least one minimal prime element.
Proof. Let x ∈ Z(L). If x = 0, then we are through. If x 6= 0, then there exists y 6= 0 such that
x · y = 0. Since L has finitely may minimal prime elements, say p1, p2, ....pn and L is reduced
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lattice, by Corollary 2.4, 0 = p1 ∧ p2 ∧ .... ∧ pn. If x is not contained in any minimal prime
element, then y ≤ p1 ∧ p2 ∧ .... ∧ pn = 0, a contradiction to y 6= 0. Hence x is contained in at
least one minimal prime element.
Now, we show that every minimal prime element is in Z(L). Without loss of generality
we will show that p1 is in Z(L). We claim that pi ∧ pi+1 ∧ .... ∧ pn 6= 0 for i ≥ 2. If not,
then pi ∧ pi+1 ∧ .... ∧ pn = 0 ≤ p1 for i ≥ 2. This gives some pj ≤ p1 for 2 ≤ j ≤ n,
contradicting the minimality of p1. Hence pi ∧ pi+1 ∧ .... ∧ pn 6= 0 for i ≥ 2, and this together
with p1 ∧ (p2 ∧ p3∧ · · · pn) = 0 gives p1 ∈ Z(L). Hence every minimal prime element is in Z(L).
Therefore if x is contained in at least one minimal prime element then x ∈ Z(L). 
Lemma 2.34. Let L be a reduced, 1-compact, compactly generated lattice with L∗ as a mul-
tiplicatively closed set having finitely many minimal prime elements. If p is minimal prime
element of L, then p contain precisely one of a and a∗.
Proof. Let a ≤ p. By Lemma 2.15, there exist b 6≤ p such that a · b = 0. Therefore a∗  p. Let
a∗ ≤ p. Clearly, we have a 6≤ p, otherwise a∗ 6≤ p, a contradiction. 
Lemma 2.35. Let L be a reduced, 1-compact, compactly generated lattice with L∗ as a mul-
tiplicatively closed set having finitely many minimal prime elements. If L has more than two
minimal prime elements, then Z(L) is not an ideal and hence diam(Γm(L)) = 3.
Proof. Let L have more than two minimal prime elements. Let a, a∗ ∈ Z(L). We claim that
a ∨ a∗ 6∈ Z(L). If a ∨ a∗ ∈ Z(L), then by Lemma 2.33 a ∨ a∗ is contained in at least one
minimal prime element, say q of L. But then by Lemma 2.34, the minimal prime element
q contains precisely one of a and a∗. Hence Z(L) is not an ideal. Thus by Theorem 2.30,
diam(Γm(L)) = 3. 
Corollary 2.36 (Behboodi and Rakeei [9, Lemma 1.8]). Let R be a reduced ring with finite
minimal primes. If R has more than two minimal primes, then diam(AG(R)) = 3.
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